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Abstract 



As was recently found in |hep-th/0304255| , there exists a simple classical solution de- 



scribing a closed string rotating in S 5 and located at the center of AdS§. It is parametrized 
by the angular momentum J of the center of mass and two equal SO (6) angular momenta 
J' in the two other orthogonal rotation planes. The corresponding dual N = 4 SYM op- 
erators should be scalar operators in SU(4) representations [0, J — J' ',2 J'] if J > J', or 
[J' - J, 0, J' + J] if J' > J. This solution is stable if J' < |J and for large J + 23' its 
classical energy admits an expansion in positive powers of rj^jr^ (VA is proportional 
to string tension): E = J + 2 J' + jj^jtjjJ' + This suggests a possibility of a direct 
comparison with perturbative SYM results for the corresponding anomalous dimensions 
in the sector with pq^jvp <C 1, by analogy with the BMN case. We conjecture that 
all quantum sigma model string corrections are then subleading at large J', so that the 
classical formula for the energy is effectively exact to all orders in A. It could then be 
interpolated to weak coupling, representing a prediction for the anomalous dimensions on 
the SYM side. We test this conjecture by computing the 1-loop superstring sigma model 
correction to the classical energy. 
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1. Introduction 

Motivated by attempts P],p] to extend AdS/CFT duality to non-BPS states we have 
recently proposed || to study the AdS§ x S 5 string - iV = 4 SYM duality in a new sector 
parametrised by several components of S 5 spin or several "R-charges" . 

We have found a new classical solution describing a circular closed string located at 
the origin of AdS$ space and rotating in S 5 with two equal angular momenta in the two 
orthogonal planes: the rotating string moves on 5" 3 within S 5 just as in the case of a two- 
spin flat-space solution where the string rotates in two orthogonal planes while always lying 
on a 3-sphere in R . In addition, the center of mass of the string may be rotating along 
another circle of S 5 , leading to a particular string solution with all the three S 5 charges 
being non-zero (Ji = J, J2 = J3 = J'). The point-like string case of corresponds to the 
special case of J' = 0, J 7^ when the energy of unexcited string is E = J. In another 
special case of J = 0, J' 7^ when the string has maximal size (so that 2J' > v^A ) the 
energy turns out to depend on J' in a remarkably simple way: E = a/(2J') 2 + A. While 
this solution with J = appears to be unstable, there is always a non-trivial region of 
stability when J ^ 0. As we shall show below, the solution is stable in the case which is 
the most interesting from the point of view of the AdS/CFT comparison - when both J 
and J' are large compared to \/A . 

Let us start with a brief review of the basic features of this classical solution ||. 
Written in terms of the AdS^ time coordinate t and the angles of S 5 metric 

(ds 2 )ss = dj 2 + cos 2 7 d(f 2 + sin 2 7 {dip 2 + cos 2 ip d(f 2 + sin 2 tp d(p 2 ) , (1-1) 

the solution is 

t = kt , 7 = 70 , <pi = 1st , v? 2 = V?3 = wt , tjj = ka , (1.2) 

where «, 70, v, w are constants, k is an integer^ and r and a E (0, 2n) are the world-volume 
(2-cylinder) coordinates. The equations of motion and the conformal gauge constraints 
imply 

w 2 = zy 2 +k 2 , k 2 = v 2 + 2k 2 sin 2 70 , (1.3) 

1 The standard range of the angles ip, <f2, y>3 to cover S s only once isO<V ; <f ) 0<992< 2ir, 
< 933 < 2tt: then the S 3 (7 = ^) embedding coordinates X = cost/) e tip2 , Y = sintp e lV3 have 
positive "radial" factors (their sign change can be compensated by 922,3 — > 922,3 + 7r). However, 
in the present case it is useful to choose a different range: < ip < 2n, < if2 <tt, < <^3 < ir. 
Then the constant 922,923 section of S 3 will be the full circle (instead of its (0, quarter), and 
thus we will have a consistent map of the closed string into S 3 for each given moment of time r, 
as required by the closed string interpretation. 
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so that there are only two continuous independent parameters - v (or k) and 70, and one 
discrete one - k. 

The case of k = corresponds to the point-like solution considered in [lj and inter- 
preted in the context of semiclassical approximation in @,£|. Then ipi = ip 2 = ^3 = ur, 
and there is an 0(6) rotation that transforms this solution into a null geodesic along a 
canonical large circle of S 5 . 

In what follows we shall be mostly interested in the minimal-energy sector with k = 1 
but will keep the k dependence in some expressions for generality. 

The non-zero SO (6) angular momentum components Jmn then are J\ = J12, J2 = 
J34 = J'. Js = J56 = J' , where i 

J = yf\v cos 2 70 , J' = -v 7 ! vV + k 2 sin 2 7o . (1.4) 
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v^A = is the effective dimensionless string tension related to 't Hooft coupling. The 
classical energy E = y/\ k = \/X £o(v, 70) is then E = E(J, J', A). It can be expressed in 
terms of the R-charge J' and the auxiliary "charge" V = vA v = co l jQ J- 



B = ^V 1 + ^ (1 -y ) - (L5) 

where V = V(J, J', A) is a solution of the (quartic) equation 

2 V 

V = J+^==. (1.6) 

J- T V 2 

Note that at the classical level the dependence on k can be absorbed into the string tension 
y/A. 

As we shall see below, at large v, this solution is stable under small perturbations 
provided the spins are subject to a certain condition; for example, for k = 1, one needs to 
require 

3 J' "\ 

J' < - J , i.e. ——- < ~ . (1.7) 
~ 2 ' J + 2J' ~ 8 K J 

In the limit we will be interested in here when v ^> k (similar to the limit considered in 

0), i.e. when < 1, the expression for the energy may be formally written as an 

expansion in positive powers of A. More precisely, in the semiclassical approximation one 

has, of course, A ^> 1, but the expansion is in 1. 



Here it is assumed that k ^ 0; otherwise J' is to be multiplied by 2. 
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Indeed, for large J + 2 J' we can find V from ( |1.6|) as a series in ( J+2 j')$ , le. 

Ak 2 V 

V - J + 2J '-(JTW + "" (L8) 

so that 

£ = /+2/ + ^W + - (L9) 

where the only requirement on J and J' is that J+2J' ^> v^A k. In addition to v or J +2 J 7 , 
the classical energy and quantum corrections to it depend also on another parameter - 70, 
which in the v 3> k limit is given by (cf. ( p..4j) ,( |L8|) ) 



2 J 7 



Note also that for J J' the energy ( |L9| ) becomes 



£ = J + 2J'(l + ^ + ...) , (1.11) 

which is consistent with the string oscillation spectrum in the sector with large J ^> v^A k 
|l]J|, i.e. with the "plane- wave" || spectrum, where J' represents the angular momentum 
carried by string oscillations (similar expression is found if J' is replaced by spin in AdSs 
directions) . 

In || it was suggested that the corresponding dual Af = 4 SYM operators should be 
of the form tr[($i +i$ 2 ) J (^ , 3 + i&4) J ($5 +i^&) J } + where dots stand for appropriate 
permutations of all J = 2J' scalar factors. These operators belong to the irreducible 
representation of £77(4) with Young tableau labels (J, J', J') or with Dynkin labels [0, J — 
J', 2 J'] if J > J', and to the representation (J', J', J) or [J' - J, 0, J' + J] if J' > J. We do 
not know if the solution with k = 1 should be dual to an operator having minimal canonical 
dimension for given values of R-charges J and J'.i There might exist a more complicated 
solution with less energy describing, for example, a rotating folded string lying entirely in 
£ 5 . 

In the large iV SYM perturbation theory (A 1) one expects to find corrections to 
the canonical dimension of these operators behaving as 

A (J, J', A) A<<1 = J + 2J' + AFi( J, J') + 0(A 2 ) . (1.12) 



3 The same formula ( |1.9| ) should be giving the conformal dimensions of the operators from 
the two different ([0, J — J', 2 J'] or [J' — J, 0, J' + J]) representations. This should be true not 
only in the large A limit but also in the weak-coupling perturbation theory. 
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The semiclassical result ( |1.9| ) is a prediction for the anomalous dimensions in the opposite 
A ^> 1 limit when J + 2 J' ^> 1. The dependence of the energy ( |1.8| ) on k may be reflecting 
a band structure of anomalous dimensions of the SYM side. @ 

Given a simple dependence of the energy E in (|1.8| ) on A in the limit J + 2 J' ^> y/X k, 
it was conjectured in that the expression ( |1.9| ) may be valid also at small values of A if 
J + 2J' is very large. More explicitly, one may expect that the general expression for the 
anomalous dimension valid for any A but with J + 2J' ^> \f~X k (i.e. ^j^j 1 ) 2 ^ ^) * s 

Ak 2 A 2 k 4 

A(J,J',X) , ^ = J + 2J'+f 1 (J') , T TI „ +0( /T , . ) , (1.13) 
v ' ' ; J+2j'»^Xk J (J + 2J') 2 V (J + 2J') 4 

where in the string perturbation theory limit (J' ~ y/X ^> 1) 

h(J') = J' + b 1 + 0(j J ) . (1.14) 

Similar expression is then expected for A 1, i.e. in the SYM perturbation theory. 

In addition to the limit J + 2 J' ^> y/X ^> 1, another special case is J ^> J', where one 
may relate the resulting expression for the energy to the (non-perturbative) corrections to 
the dimensions of particular operators in the sector studied in |1J . 

On general grounds, the string sigma model corrections to the classical energy will 
have the following structure 

E = V Ei = y/X E (v, to) + 7o) + -yr^, 7o) + - , (1-15) 

where £±,82, £3, ■■■ depend only on the parameters v, 70 (and k) of the classical solution 
and should have, for v ^> k, an expansion in inverse powers of i.e. in powers of j^jt- 
For example, 

£o(^,7o) = « = v + -sin 2 70 + O(-r-) , (1-16) 

x ^ 

£l = — e rn(lo) , e m = c m +<i m sin 2 7o + ... . (1.17) 

m= — 1 



4 These string solutions suggest that operators in these representations may be divided into 
different sectors parametrized by the integer k. In each sector there is an operator with the lowest 
conformal dimension that shouid be dual to the string soiution, with other operators in the sector 
dual to excitations near that classical string solution. 
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Expressing this in terms of J + 2 J' ^> 1 and j+ 2 j> us i n g ( P^) , (|l-10|) we find that the 
correction would be of the form ( |1.13| ), ( |1.14| ) if: (i) the functions £^1,^2,^3, •■• vanish in 
the limit v — > 00; (ii) the expansion of E\ goes over only even powers of \ jv and starts with 
1/f 2 ; the expansion of £2 goes over only odd powers of 1/u and starts with 1/z^ 3 , etc. In 
particular, the nonrenormalization of the leading J + 2 J' term in E requires the vanishing 
the first three terms (m = —1,0,1) in ( |1.17| )Jj In that case all string corrections can be 
written as functions of J, J' and A with A entering only in positive powers. This is very 
similar to what was found in the case of v 7^ 0, k = 0, i.e. in the BMN case. Assuming 
that the expansion of £\ starts with the 1/u 2 term (as we shall indeed confirm below), one 
concludes that the coefficient b\ in ( |1.14| ) is subleading at large J', and is equal to 62(70) 
in ( |1.17|) . Indeed, we then have 



1 , , 1 . , ,J\ Ak 2 ,J\ A 2 k 4 

^e 2 ( 7 o) + ^e 4 ( 7o ) + ... = e 2 {-) ( - - ^ Ji? + e^-)^-^ 



Similarly, we expect that higher-order terms in (|1.15|) will have the structure 
Ei = ^ZI^To) = J^yZT^ e ^o) + ^e 4 .(7o) + •••] 
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' J' Ak 2 J' A 2 k 4 

e2;( 7 ) (7TW + e4li 7\j + 2jr + - 



(1.19) 



(J + 2J') 1 - 1 

Thus, we expect that for large J and J' the classical expression for the energy ([O^) will 
be giving the leading contribution at any order in A, and thus should be representing 
also the expression of the conformal dimension of the dual SYM operator computed in a 
weak-coupling expansion. 

That would mean, in particular, that the leading one-loop perturbative correction to 
the dimension of the corresponding CFT operator dual to the string solution should indeed 
be of order rj^jryx and not of order J + 2J' . The non-renormalization of the leading J- 
term in E = A does take place for the ground state in the BMN (J' = 0) case, where 
one expands near a point-like BPS state. In the present case of extended rotating string 



5 Given that for v S> k one has ^ 2 j' ~ 7> ^ as an °ther small parameter of semiclassical 
expansion (in addition to 77^)5 one may expect, by analogy with the reasoning in ||,|7|], that the 
leading J + 2 J' term in E will not be renormalized to all orders in Corrections may be 

suppressed in the large 2-d mass (large u) limit on a 2-d cylinder. Note that all parameters in 
( |1.2j ),( fO| ) scale as v at large v and there should be no parameter-independent constant terms in 
£i because of supersymmetry. 
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solution the space-time supersymmetry is broken, but one may expect that it is in some 
sense "restored" in the limit J + 2 J' ^> vA k (when a closed rotating string is moving fast 
along a circle in S 5 ); that should then be an explanation for the non-renormalization of 
the leading J + 2 J' term in the energy. 

After a review of classical solution in terms of the embedding coordinates in Section 2, 



we shall derive the general expression for the 1-loop corrections to the energy (|1.9|) coming 
both from the bosons and the Green-Schwarz fermions (Section 3). We shall find the 
quartic equations for the (squares of) characteristic bosonic and fermionic frequencies. In 
Section 4 we shall study the large v (or, equivalently, large k) limit of the 1-loop correction 
and confirm the structure of the 1-loop correction (|1.18| ), computing the value of 62(70)- 
Some technical details will be given in Appendices A,B and C. 

The relevant bosonic and fermionic quadratic fluctuation parts of the Green-Schwarz 
AdSs x S 5 action were already presented in [Q and will be reviewed and further simplified 
below. In spite of the classical solution being dependent on r and cr, the quadratic fluctu- 
ation action can be put (after natural local "rotations" of fluctuation fields) in the form 
where it describes a collection of bosons and fermions in flat 2 dimensional space all having 
constant masses and coupled to constant (non)abelian 2-d gauge terms.i Remarkably, the 
form of this action is essentially the same as of the light-cone gauge superstring action 
in a particular plane- wave background with an antisymmetric 2-form field. The problem 
of finding the leading correction to the ground state energy and also of the spectrum of 
string excitations near the three-spin solution is thus closely related to the corresponding 
problem in the case of the "homogeneous" plane- wave backgrounds (cf. |||| ) . 

2. Classical solution and bosonic part of quadratic fluctuation action 

Written in terms of the 6 embedding coordinates of S 5 into R 6 (here we rename the 
coordinates 5, 6 -> 1, 2) (Xf + ... + X% = 1) § 

X = X 1 + iX 2 = sin 7 cosV> e^ 2 , Y = X 3 + iX 4 = sin 7 smi/j e^ 3 , (2.1) 

Z = X 5 + iX 6 = COS7 e i(fl , 



6 The constant connection terms can be eliminated at the expense of making the mass terms 
non-diagonal and r and cr-dependent. 
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the solution ( 



L2|) is 



X = sin 70 coska e iwr , Y = sin 7o sinka e lwr , Z = cos 7o e iur . (2.2) 

The conformal gauge constraints are then satisfied provided the coefficient k of the AdS$ 
coordinate t is related to the parameters as in ( ]1.3| ). 

This solution can be found directly by starting with the S 5 (or 0(6)) sigma model 
action in conformal gauge (A is a Lagrange multiplier field, and rj a b = (— , +)) 

Is5 = y ^J dT l daL > V/X= ^' 
L = -d a X m d a X m - A(X m X m - 1) , m = 1, 6 . (2.3) 

The classical equations of motion then are 

(-d 2 + A)X m = , X m X m = l, A = -d a X m d a X rn . (2.4) 

They are satisfied by (|2.2| ) with 

w 2 = z. 2 + k 2 , A = z^ 2 . (2.5) 



This is an example of a special class of simple solutions of the non-linear equations ( |2. 1| ) 
for which A = const and X m (r, a) can be represented as a product of commuting 0(6) 
transformations depending on r or a and applied to a constant unit 6-vector. Indeed, we 



can write (|2.2| ) as (X = (X m )) 

X(r, a) = 12+34 (wr) 13+24 (ka) 56 (^r) 15 (f - 7 o) X , X = (1, 0, 0, 0, 0, 0) , (2.6) 
where 

O pq (a) = e - aI ™ =I + l 2 q (l-cosa)-l pq sma , (2.7) 

O ^ui(a) = e - a ( x vq+ x ki) (J ) = A A _ A A 

K ^pq-\-kl\'~ l J ° 5 y-L-pqJmn u pm u qn u pn u qm 5 

and 1 pq is a generator of rotation in the (pq) plane in the fundamental representation of 
0(6). Note that [Ji 2 + J 34 ,Xi3 +X 24 ] = 0, [J 12 + J34,X 56 ] = 0, [X 13 + 1 2 ^T^] = 0, 
i.e. the non-constant rotations commute. This simplifies dramatically the form of the 
small-fluctuation action. 
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In general, the quadratic fluctuations near a solution of ( |2.4|) are described by {X m — > 
X m + X m , A^A + A) 

L 2 = —d a X m d a X m — A.X m X m — 2A.X m X rn , (2-8) 

i.e. they satisfy 

[S mn - X m X n ] (-d 2 X n + AX n ) = , (2.9) 

X m X m = . (2.10) 

To find the action for the independent 5 fluctuations we are thus to solve the constraint 
( P-lOp and substitute the result into the "unconstrained" action 

L 2 = —d a X rn d a X m — AX m X m . (2-11) 

Finally, one may solve the (relevant linear part of) the conformal gauge constraints, 

-Kd T t + d T X m d T X m + d a X m d a X m = , -nd a t + d T X m d a X m = , (2.12) 

but this is not necessary in order to determine the non-trivial part of the spectrum. In 
addition, one needs to include the contribution of 4 massive bosonic fluctuations in the 
AdSs directions 

L Ad s 5 = ~d a yid a yi - K 2 y iyi , Z = 1,2,3,4 . (2.13) 



In the present case of the solution (|2.6|) , (|2T5|) it is easy to solve ( |2.10| ) (i.e. X X = 0) by 



field redefinition on X m that "undoes" the rotation in (pOf), i.e. 

X(r, a) = 12+34 (wr) 13+ 24(ka) 56 (ur) 15 (f - 7 o) X(r, a) , (2.14) 

where X m are the new ("tangent-space") fluctuations now subject to the simple (r, a)- 
independent condition X rn (X m )o = 0, which is solved by setting 

Xi = 0. (2.15) 

2.1. Fluctuation Lagrangian 

Equivalently, that means, combining (|2.6| ) ,( |2TT4l ), (|2.15| ), that we parametrize the clas- 
sical+fluctuation field as 

X(r,tr) = Oi 2+34 (wr) 13+2 ^ka) 56 (ur) 15 (f - 7o ) X(r, a) , 



X = (1,X 2 ,X 3 ,X 4 ,X 5 ,X 6 ) . (2.16) 



Doing the transformation (|2.14| ) in ( |2.11| ) one ends up with the following simple fluctuation 



Lagrangian with constant coefficients (determined essentially by the generators of 0(6) 
rotations in the classical solution): 



) 2 



L 2 — (d T X m ) — (d a X r 

+ 4z/(cos7 Xi + sin 70 X 5 )d T X G - 4w[(cos7 X 5 - sin7 Xi)<9 T X 2 - X 3 <9 t Xl] 

+ 4k[(cos 7o X 5 - sin 70 X x )d a X z - X 2 d a X 4 ] , (2.17) 

where we have used integration by parts. Here the dependence on 70 could be rotated 
away if not for the constraint ( |2.15| ) we still need to impose. As a result, the fluctuation 
Lagrangian for the 5 independent fluctuation fields becomes (s = 2, 3, 4, 5, 6) 

L 2 = (d T X s ) 2 - (d a X s ) 2 + 4z.sin 7o X 5 d T X G - 4w(cos 7o X 5 d T X 2 - X 3 d T X 4 ) 

+ 4k(cos 7o X 5 d a X 3 - X 2 d a X 4 ) . (2.18) 

The point-like (BMN) limit corresponds to the case of k = (then w = v). The resulting 
Lagrangian can be shown to be equivalent to the one found by expanding near a "canonical" 
BMN solution L 2 = -(d a X 5 ) 2 - (d a Xi) 2 - v 2 X 2 , where i = 1, 2, 3, 4 (with the constraint 
( ET15D now being X 6 = 0). 

Eq. ( |2.18|j is a special case of the following 2-d Lagrangian 

l = (d T x p y - (d a x p y + 2f pq Xpd T X q *2HpqXp d a x q , (2.19) 

where f pq and h pq are constant antisymmetric coefficient matrices. The latter can be 
written also as (ignoring total derivative) 

L = (d T x p -\- f qp x q ^) {d a x p -\- h qp x q ^) (fpqfkq h pq hkq)x p Xk , (2.20) 

i.e. it represents a massive scalar 2-d theory coupled to a constant 2-d gauge field (which 
can be "rotated away" at the expense of making the mass term r and a dependent). The 
corresponding Hamiltonian is 

H = (d T x p ) 2 + (d a x p + h qp x q ) 2 - h pq h kq x p x k . (2.21) 
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In the case of ( |2.18| ) we find 



H 2 = (d T X 2 ) 2 + (d T X 3 ) 2 + (d T X 4 ) 2 + (d T X 5 ) 2 + (d T X 6 ) 2 + (d a X 2 -kX 4 ) 2 + (d a X 4 +kX 2 ) 2 

+ (d a X 3 - kcos7 X 5 ) 2 + (d a X b + k cos 70 X 3 ) 2 

- k 2 cos 2 70 (X 2 + X 2 ) - k 2 (X 2 + X 2 ) . (2.22) 

While the Hamiltonian is always positive in the point-like case k = 0, it is not manifestly 
so for k > 0, i.e. there is a potential for an instability. In general, the conclusion about 
non-positivity and instability is not directly obvious on a cylinder; for example, we cannot 
set d a X 4 + kX 2 — for constant X 2 since then X 4 will not be periodic in a. The instability 
is always present when 70 = \ , i.e. when Xq and X 2 are decoupled. As we shall argue 
below, there is a range of parameters (large v and sufficiently small 70) for which the 
solution is stable under small perturbations. 

Let us note that the Lagrangian ( |2.19| ) can be also interpreted as a light-cone gauge 
(u = r) Lagrangian for the bosonic string sigma model L = — (rj ab g mn + e ab B mn )d a x m dbX n 
in (in general, non-conformal) plane-wave background with the following metric and the 
antisymmetric 2-form field (cf. 0) 

ds 2 = 2dudv + 2f pq x p dx q du + dx p dx p , B 2 = 2h pq x p dx q A du . (2.23) 

The general form of (the linear part of) the conformal gauge constraints is 

nd T t — k 2 Xi — k 2 sin 270 X 5 + k sin 70 d a X 3 + w sin 70 d T yi + v cos 70 d T X G 

nd s t = 2kwshi7o X 4 + ksin7o d T X 3 + WSU170 d a y 2 + v cos 70 d a X^ . (2.24) 

Adding —d a td a t term and eliminating t from the resulting action implies cancellation also 
of one ("massless") combination of X s coordinates; after a field redefinition one ends up 
with the following "reduced" Lagrangian for the remaining 4 non-trivial fluctuations: 

L' 2 = (8 T X S ) 2 - (d a X s ) 2 - 4udX 5 d T X 6 - 4kC 2 X 5 8 t X 2 + ±KC x X 4 d a X 2 + 4uC 2 X 4 8 a X 6 , 

(2.25) 

r k 2 (l + sin 2 7o ) ll/2 z^ 2 + k 2 1/2 

Cl = L 2,12 • 2 J » C 2 = [ 2 2 . 2 J 

u z + k A sm 70 v z + k z sm 70 

In the special case of v = this is equivalent to the fluctuation Lagrangian obtained in 
in the static gauge. 
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2.2. Characteristic frequences 

To find the spectrum of characteristic frequencies corresponding to the action ( |2.18j ) 
(for a general analysis of the theory (|2.19|) see 0) we note that X s fields must be periodic 
in a (the rotations ( |2.14| ) we made preserve the periodicity) so that one can expand the 
solution of the quadratic fluctuation equations in modes 



x s = J2 A ™ ei{UJn,iT + na) > ( 2 - 26 ) 



-oo i=l 



where % labels different frequencies for a given value of n (we shall often suppress the index 
i below). Plugging this into the classical equations that follow from ( |2.18| ) one finds the 
following result for the determinant of the characteristic matrix 



det M = -{n 2 - 0)S 8 (0) , O = u 2 



n ' 



B s (n) = fi 4 - (6k 2 + 8u 2 + An 2 + 2k 2 cos 2 7o ) O 3 

+ [8k 4 + 6k V + 6n 4 + 24k 2 u 2 + 16nV + 16u 4 + (8k 4 + 2k V + 8kV) cos2 7 o] O 2 

+ [-16k 4 n 2 + 6k V - An 6 - 8k 2 nV - 8nV + (-16k 4 n 2 + 2k V - 24k 2 nV) cos2 7o ]0 

+ n 4 (n 2 -4k 2 )(n 2 -2k 2 -2k 2 cos2 7o ) . (2.27) 

Setting det M = 0, we observe the existence of one decoupled massless scalar field corre- 
sponding to the solution O = n 2 of ( [2.271) . The decoupled massless scalar is a reflection of 
the conformal gauge choice we made. We also find a nontrivial quartic equation for the re- 
maining modes, giving 4 (in general, different) values for \u n \, i.e. 8 characteristic frequen- 
cies uj n ,i- Here k can be set to 1 (it can be restored by n — > n/k, v — ► v/k, u n — > u n /k). 

The same result for the characteristic determinant (but without the zero-mode factor) 
is found by starting from the "reduced" action ( |2.25|) . 



The BMN limit corresponds to setting k = in the above formulae; while the fluctu- 
ation Lagrangian (|2.18|) seems to depend on 7 o, the spectrum, as one might expect, does 
not: for k = the determinant (|2.27| ) becomes 

k = 0: B 8 = (n 2 -2uu n -ujl) 2 (n 2 + 2uuj n -ujl) 2 , (2.28) 

and thus the roots are 



u n = ±v ± Vn 2 + z/ 2 . (2.29) 
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Here the linear v terms reflect the rotation of the fluctuations made in ( p. 14 ) while 



±\/n 2 + v 2 are the standard "plane- wave" frequencies. Similar result is found also in 
the fermionic sector discussed in the next section. 

Another special case is when 70 is approaching ~ 



7T / Ak 2 

-n = -: J = 0, JVO, E = 2J\\l + —^. (2.30) 

Setting 70 = f in ( |2.27| ) and solving B 8 = we find the following 4+4 frequencies 

ul = n 2 + 2{y 2 + k 2 ) ± 2y/(u 2 + k 2 ) 2 + n 2 (z^ 2 + 2k 2 ) , (2.31) 



uo n = ±u ± Vn 2 + v 2 . (2.32) 



The condition of reality of u n in (|2.31[) is n (n — 4k ) > 0, i.e. this solution has unstable 



modes with n = ±1, • • • , ±(2k — 1), as was already found in [Q for k = 1. 
J = is found also when v = (see (p..4|)); in this case 



u = : J' = k sin 2 7o , J = , E = yj k J' , (2.33) 

i.e. here J' bounded from above for fixed integer k (k = 1 case was discussed in ||). Here 
the non-trivial characteristic frequences are 



u~=n* + 2k 2 (2 - sin^ 7o ) ± 2ky 2n 2 (2 - sin 2 7o ) + k 2 sin 2 7o . (2.34) 

The condition of reality of u n here is (n 2 — 4k 2 ) (n 2 — 4k 2 + 4k 2 sin 2 70) > 0, which is 
satisfied for sin 2 70 < , i.e. J' < \/~X g^ 1 . The same stability condition was found in 
in the special case of k = 1 . Thus for v = the combination -j^ > ( ) 2 cannot be 
made small for any k. 

For generic values of the parameters the expressions for the frequencies uj n ^ cannot 
be written in a useful form, but it is straightforward to determine their form in large v 
(or, equivalently, large k) expansion. The results are presented in Appendix A. 

The quartic equation Bg = leads to 4 solutions for t^ 2 . If all of them are non- 
negative, the solution is stable. Let us analyse the stability condition in the large k limit. 
In this limit there are two different asymptotics of the different frequencies: 

2 h hi 2 2 ( _ ( gi 



^ — + -J + ... , (it) < - ^ + g + ^ + ... . (2.35) 

K K 
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One finds (here we set k = 1 and n > 0): 



ho = n z 



n +4 — 6 sin 70 ± 2\l An 1 cos 2 70 — 8 sin 70 + 9 sin 70 



(2.36) 



The condition of non- negativity of ho is obtained at n = 1, and is sin 70 < 
implies the stability condition (|1.7|). 

In general, for k 2 > 1 (the analog of ( |2.36| ) in this case is found by replacing 



30 

4 ' 



This 



n 



111 



the bracket in ( |2.36| ) and adding overall factor of k) the stability condition is obtained by 
requiring that (q 2 — 4) (q 2 — 4 cos 2 70) > as well as (3 cos 2 70 — l) 2 + 4 cos 2 70 (q 2 — 1) > 0, 
where we set q = ?. It is straightforward to show that for each value of q there is a range 
of values of cos 70 where these conditions are satisfied. 
In the case (ii) one finds 



u n = 2k + — [n 2 + 1 — 5sin 2 70 ± \l An 2 cos 2 70 + sin 4 70] + ... 
2k 



(2.37) 



For comparison, a similar expansion of the frequencies \J k 2 + n 2 in the AdS§ directions in 
(HD is 



to, 



n 

K+ — 



n 



2k 8k 3 



+ 



3. Fermionic part of the quadratic fluctuation action 

Let us first recall the basic expressions for the quadratic fermionic action (see Ap- 
pendix B in 0) and then find the corresponding spectrum of fluctuations. The quadratic 
part of the type IIB AdS*, x S 5 Green-Schwarz superstring action expanded near a partic- 
ular bosonic string solution (with flat induced metric) is 

L F = z(?f fe 5 /J - e a V J )0VW J , Qa = r A e£ , ^ = Et I (X)d a X M , (3.1) 

where I, J = 1, 2, s IJ =diag(l,-l), g a are projections of the 10-d Dirac matrices and X M 
are the string coordinates corresponding to the AdS^ (M = 0,1,2,3,4) and S 5 (M = 
5, 6, 7, 8, 9) factors. The covariant derivative D a is 

D a d T = (5 IJ D a - l -e IJ T* Qa )6 J , = zr i 2 34 , T 2 = 1 , (3.2) 

7 Note that the limiting case sin 2 70 = f corresponds to the value of the angle 70 = § and 
may have some geometrical interpretation. 
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D a = d a + \^ B Y AB , = d a X M uiP . (3.3) 

Choosing the K-symmetry gauge by equating the two Majorana-Weyl 10-d spinors, 

9 1 = 9 2 = 6 , (3.4) 

we get 

Lp = 2i6Dp6 , D F = -g a D a - l -e ab Qa T,g b . (3.5) 

In the case of the S 5 solution (|1 . 2| ) with k = 1 we shall label the tangent space coordinates 
by A = 0, 5, 6, 7, 8, 9 corresponding to the t direction of AdS^ and 7, tpi, -0, (p%, tps directions 
of S 5 . Then 

go = kT + ^cos7 r 6 +wsin7o f 8 , q x = sin 70 T 7 , Q( a Qb) = sin 2 70 rj ab , (3.6) 

r 8 = cos a r 8 + sin a r 9 , r 9 = cos a Tg — sin a r 8 . (3.7) 
The projected Lorentz connection has the following non-zero components 

65 -85 95 

w = -j/sm7o , w =wcos7o cos a , a> = wcos7o sinu , 

u>q = — w sin a , Wq 7 = wcosa , w[ 5 = cos 70 . (3-8) 
To eliminate the a dependence we shall first do a local rotation in the 89-plane: 

9 = S{a)9, S = e"^ r 89 t S^ftf = Ti , i = 8,9 . (3.9) 

As a result, 9 will be aretaperiodic in a. 

Then we get for the fermionic operator in ( |3.5| ) 

Dp = (kT + Z/COS70 T 6 + wsin7o T 8 )(d T - -v sin 70 T 65 + ^w cos 70 r 85 + ^wr 97 ) 

- sin 70 T 7 {d a + - cos 70 r 75 - ^r 89 ) +sin7 r 7 (^cos7o r 6 +WSU170 r 8 )r i 2 34 • (3.10) 
We can put ( |3.10j ) in the form 

Dp = (kT + v cos 70 T 6 + w sin 70 T 8 )d T - sin7 r 7 <9 cr 

+ ^r 5 (-i/Ksin7o r 06 + wKcos7o T 08 + uwr 68 ) (3.11) 

+ ^Kwr + z^wcos7o r 6 + (w 2 + 1) SU170 r 8 ]r 79 
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- sin7o(>cos7o T 6 + wsin7o r 8 )r 07 ri234 • 

This can be simplified further by making two constant rotations in the 68 and 06 planes 
to transform kTq + v cos 70 + w sin 70 Tg into sin7oFo: 

9 = S 68 S 06 y , #68 = e-^ T * T * , S 06 = e-^ r ° rs , (3.12) 



cosp = — COS70 , sinp = — sin 70 , a = \l v 2 + sin 2 70 , (3.13) 
a a v 

cosh q = , sinh q = . 

sin 70 sin 70 

Then rescaling ^ by (sin7o) 1/ ' 2 we finish with the following fermionic Lagrangian 

t o-vf,r r fa , ^cos7q wu 

L F = 2z# [ - T {d H — — — r 65 + ^r 85 ) 

kw v cos 7n 1 , 

+ Tr( - dl ~ 2^ r69 2^ r89) ~ ar 07 r 6ri2 34 ] * , (3.14) 



or 



L F = 2W[r°{d + A ) + r 1 (d 1 + Ax) - ar 3 r 6 n]^ , (3.15) 



where 



r a = (r , r 7 ) , r 3 = T n , n = ri 23 4 , n = / , (3.16) 
^0 = 7r-( KCOS 7or6 + wz^r 8 )r 5 , a 1 = - 7 ^-(Kwr 6 + ^cos7 r 8 )r 9 . (3.17) 

2a 2a 
This action may be interpreted as describing a collection of eight standard 2-d massive 
Majorana fermions on a flat 2-d background coupled to a constant non-abelian 2-d gauge 
field Aq,Ai. We may also split the fermions into the eigen-states of the projector P = 
I (/+Ti234) (which commutes with the rest of the operator). If one chooses a representation 
for Fa where To and IV are 2-d Dirac matrices times a unit 8x8 matrix one gets 4+4 
species of 2-d Majorana fermions with masses ±a = ±a/ v 2 + sin 2 70. 
Note that in the large v limit k, w, a — > is, i.e. 

A ^~pT 8 T 5 , At ^ -~pT 6 T 9 , (3.18) 

so the action ( |3.15| ) simplifies. 

While the presence of the r 3 mass term in ( |3.14j ) has its origin in the coupling of the GS 
fermions to the 5-form background |10[], the presence of the A a connection term in ( |3.15| ) 
may be also interpreted as been due to the coupling to an effective NS-NS background in 
( |2.23|) . For example, the coupling of the GS fermions to Hmnk held strength is through 
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the term in the covariant derivative DJ 1 ' 2 = (d a ± \d a X K H KM N^ MN + ...)6 1 ' 2 . In 
the gauge (|3.4|) the Hkmn term contributes through the e ab term in (|3.5| ), i.e. we get 



~ 6e ab Q a d h X K H KM N? MN 0. For X K -> u = r we get extra term ~ 6q x H uM nT MN 
which for the background in ( |2.23| ) produces terms in Ay in (|3.15|) . Thus expanding near 



a circular classical string solution induces an effective Hmnk background in both the 
bosonic and the fermionic fluctuation sectors. 

To solve the Dirac equation corresponding to ( |3.14|) one should recall that while the 
original GS spinor variable 6 in ( |3.1| ) was periodic on the 2-d cylinder, the rotated fermion 
9 in (|3T9|) and thus * in fl3.12j ) is then anti-periodic, i.e. *(r, a + 2-k) = -vP(t, a). That 



means one should look for solutions in the form 

8 

m= J2^r ] + ^ ■ ( 3 - 19 ) 

rez+i i=l 

The frequences ui r can be found by solving the characteristic equation F$(u; r ) = 0. The 
latter can be obtained by multiplying the Dirac operator in ( |3.15|) by its appropriate 
"conjugations" or by using an explicit representation for 6 Dirac matrices Tq, Tgi 
(here fl = u 2 , k = 1, cf. ( ^27|) ) 

F 8 = fi 4 - (5 + 4 r 2 + 6 v 2 - cos 2 7o ) O 3 

+ [6 + 6 r 4 + 14 v 1 + 9 z/ + 2 r 2 (2 + 7 v 2 ) + 2(1 + 5 r 2 + 2 u 2 ) sin 2 7o + - sin 4 7o ]fi 2 



-2 [2 + 2 r 6 + 5 v 2 + 5 z/ 4 + 2 z/ 6 + r 4 (-2 + 5 z/ 2 ) + r 2 (-2 - 2 z/ 2 + 5 



z^ 4 ) 



+ [-l + 7r 4 + z/ 4 + 2r 2 (l + 6 z^ 2 )] sin 2 7o - -(1-7 r 2 + -u 2 ) sin 4 7o + - sin 6 7o ] O 

2 2 1 

+ (r 2 - l) 2 [r 4 + 2r 2 (z/ 2 - 1) + (z/ 2 + l) 2 ] + 2(r 2 - 1) [3 r 4 + 2 r 2 (v 2 - 2) + (1 + z/ 2 ) 2 ] sin 2 7o 

+ ^[3 + 19r 4 + 5 z/ 2 + 2 z/ + r 2 (-14 + 5 u 2 )} sin 4 7o + J(-l + 3 r 2 -z/ 2 ) sin 6 7o + sin 8 7o . 

(3.20) 

As in the bosonic case, while one cannot write down simple expressions for the frequencies 
in general, one may expand u> r at large v. The results are presented in Appendix B. 

The expressions for the frequencies take simple form when v = (there is 4+4 degen- 
eracy) : 

z^ = 0: u 2 = r 2 + 1 + - sin 2 7o ± ^2[(2 - sin 2 7o )r 2 + sin 2 7o ] . (3.21) 



Since we only need their algebraic relations these T m can be taken as Dirac matrices in 6 
dimensions. 
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Another special case is the one of the unstable solution ( |2.30|) with 70 = § where we find 

70 = ^: uj r = ± ]- [v ± y/u 2 + 2 ± 2y/r 2 + v 2 + 1 ] . (3.22) 

Let us mention also that to establish the connection to the point-like (BMN) case we need 
first to restore the dependence of Fg in ( |3.20|) on the discrete parameter k (which can be 
done by the rescaling r — > r/k, v — > z//k, O — > fi/k 2 , Fg — > k 8 ^) and then send k. As a 
result, we find that F 8 becomes (cf. ( |2.28|) ) 

k = : F 8 = (r 2 + u 2 - u 2 ) 2 (r 2 - 2uu r - u 2 r )(r 2 + 2uu r - u 2 r ) . (3.23) 

Here one is also to replace r by n taking integer values, since in the k = limit there is 
no local rotation (|3.9|) of the fermions that changes their periodicity in a. Thus, as for the 
bosonic fluctuations ( |2.29|) , the roots of F s = are indeed the same (up to a r-dependent 
rotation contribution) as the "plane-wave" frequencies. 

4. One-loop string sigma model correction to the energy 

In this section we use the bosonic and fermionic spectrum to compute the one-loop 
sigma model correction to the energy of the solution. As in the static gauge t = kt in 
0, the space-time energy and the 2-d energy (sum of for all oscillator frequencies) are 
related by 

E=-E 2 _ d . (4.1) 

K 

Then the 1-loop correction is given by the standard sum of the oscillator frequencies sums 

E = E + E 1 + ... , E 1 = ^-( - J2 u r ) > (4-2) 

nez rEZ+± 

where and are bosonic and fermionic contributions, respectively: 

8 8 

U n = U ^ ' W r = Yl U r,i , ( 4 - 3 ) 

i=l i=l 

where the index i labels the characteristic frequencies. This expression is UV fi- 
nite, as one can show directly from the expression for the total fluctuation Lagrangian 
( p,13|) ,( p.l8|) ,( |3TT5|) , or from the large n and large r expansions of the frequencies given in 
Appendices A and B (see also 0). 
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One can check that the 1-loop correction vanishes in the "point-particle" limit k = 0, 
in agreement with the non-renormalization of the energy of this BPS state dual to a gauge 
theory operator with protected conformal dimension |l| . In what follows we shall set k = 1 . 

We would like to compute (^3) as an expansion in - in the large k limit. In the large 
k limit there will be also exponentially small terms which we shall disregard. To estimate 
the value of the sums we shall approximate them by integrals as explained in Appendix C. 
As discussed in Appendices A and B, the bosonic and fermionic frequencies and 
^ admit the following large k expansion 



to 



< l = ^\,(-)+<(-) + i <(-) + -- - , (4-4) 

' K K K K 



-)+<i(-) + -<i(- 
K K K K 

where we keep ^ and - fixed in the expansion. The values ct a ,i(^) can be considered as 
values of the functions a a ^(x) at points x m = where m E Z for bosons, and m E Z + | 
for fermions, and A = x m+ i — x m = K 

We also need to regularize the bosonic and fermionic sums. This can be done by 
multiplying each term in the sums by, e.g. e~' Xm ' e . Since the fermionic functions a^(x) 
are smooth for all values of x, the sums over r E Z + ^ are replaced by integrals from — oo to 
+oo. However, not all of the bosonic functions a^ Ax) are smooth at x = — -, — -, 0, -, -. 
Therefore, we obtain the following formula for the bosonic contribution in 

' ^ = + 2wf + 2wf ) - I [ ' dx [/ta?i(i) + -af (x) + ...] 

2k 2 J_2/k ~ K 



2k ' " _/< _ / o 

nez J - 2 / 



1 f°° 1 

+ - / dx InafJx) + -af (x) + ...] . (4.6) 

2 J-OO « 

Here we have taken into account that iv^ n = u^, a$ = ocq = 0, and used the result of 
Appendix C to replace the two sums, X]-L an< ^ 2~2T ' by the integrals. 

As can be shown by a straightforward computation, the functions aEi and a_ lt and 
af and af , are equal to each other and are given by 

a*! (a) = af^x) = 8^/x 2 + 1 , (4.7) 

Br s Ft \ 2 ("1 + 3 sin 2 70 + 2 x 2 sin 2 7o ) 
af (x) = af (x) = === — . (4.8) 



\x 2 + iy 
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Therefore, the bosonic and fermionic integrals from — oo to +00 cancel each other up to 
the order and the correction to the energy is given by the first line in Q4.6Q . 

To compute the correction we need to know the large k expansions of the bosonic 
frequencies at fixed n (here we set k = 1). They are given up to the order ~ by the 
formulas (A.4)-(A.8) of Appendix A. Using them, we get the following result 

Ei = ^1(70) , (4.9) 



K 2 



ei(7o) = -[5 sin 2 7o - 9 + \/9 - 12 sin 2 7o + 4 \J A - 3 sin 2 7o ] . (4.10) 



Taking into account that at large k 

1 A 



k 2 (J + 2J') 2 
we can rewrite ( |4.9[) in the following form 



+ ... , (4.11) 



£l = T7WF ei(7o) + "" (412) 

At large k we can also express sin 2 7 o through the angular momenta J and J' 

At small values of 7 o or J' C J we thus get ei( 7 o) ~ 1, i.e. i 

A 



(4.14) 



1 (J + 2J') 2 ' 

Combining (|4.9|) with the classical result for the energy ( |1.9| ), we obtain the following 
expression (cf. ( P-.17| )) 

E = J + 23' + - + A 2J/)2 [J' + ei( 7 o) + ■■] ■ (4-15) 



9 Note that the correction thus does not vanish for J' = 0. This may look as contradicting to 
the fact that at 7 o = our solution should be representing a BPS state - a point particle rotating 
along a big circle of S 5 . As already mentioned above, to recover the point-like case one should 
actually set k to 0, while ( |4.9| ) was derived assuming k = 1. In general, the 70 — > limit is subtle: 
expansion near a point-like string is not a limit of expansion near an extended string. This is clear 
from a comparison of the fluctuation Lagrangians in the two cases (cf. (|2.18| )). A smooth limit is 
found by keeping 70 arbitrary while sending k = 0: in this case we are dealing with "off-diagonal" 
plane of rotation of a point-like string and both J and J' are non-zero. 
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We conclude that the term J + 2 J' is not modified by the one-loop sigma model correc- 
tion. As was discussed above, J' ~ vA is large in the semiclassical approximation, and, 
therefore, the one-loop sigma model correction is subleading at least at the first order in A. 
Since the correction admits an asymptotic expansion in with coefficients depending 
only on sin 2 70, the one-loop sigma model correction is also subleading at any order in A. 

It is tempting then to conjecture that all higher-loop sigma model string corrections 
are also subleading at large J', and, therefore, in this regime the classical formula for the 
energy (|1.9|) is exact to all orders in A. It should then be true also at weak coupling and 
thus should represent a prediction for the corresponding anomalous dimensions on the 



SYM side. It should be possible to check it using the methods of 11,12,13 
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Appendix A. Bosonic frequencies 

Bosonic spectrum of physical fluctuations is determined by zeros of the determinant 
( [2. 271) of the characteristic matrix. There are also 4 bosons with masses m 2 = k 2 coming 
( |2.13|) from the AdS§ part of the background. In what follows k will be set to 1. The 
dependence on k can be restored by rescaling n — > n/k, v — > u/k, u n — > u> n /k. 

A.l. Expansion at large n 

To check the ultra-violet finiteness of the model we need to know the large n expansion 
of the frequencies up to the order 1/n. There are 4 different non-negative frequencies 
corresponding to 4 choices of the signs of the two square roots in the frequency below 

I yl 

u n = \n\ ± \J2 + v 2 ± + cos 2 70) 2 + 4zy 2 cos 2 70 + --— + ..., |n| > v , (A.l) 

and 4 frequencies of the AdS^ fluctuations (k 2 = v 2 + 2 sin 2 70) 

Un dS = N + ^rr + - » M » v ■ ( A - 2 ) 
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Summing up the contributions of these 4+4=8 frequencies, we get 



X>„*, = 8W + 4^±^o + .... (A.3) 

i=i 1 1 

A. 2. Expansion at large k and fixed n 

To compute the one-loop correction to the vacuum energy we need the expansion of the 
frequencies at large k (or, equivalently, large v) and fixed n. It is given, up to the order 
1/k, by the following expressions 



^!,w n B 2 = ~j \/ 4 + n 2 -6 sin 2 7o ±2^/4 n 2 cos 2 70 -8 sin 2 7o + 9 sin 4 7o , (A.4) 
Wn,s> w n,4 = 2 k + — (2 + n 2 - 5 sin 2 7o ± J A n 2 cos 2 7o + sin 4 7o ) , (A.5) 

2 

z = 5,6,7,8. (A.6) 

2k 

j4.5. Expansion at large k and fixed ^ 

The one-loop computation also requires the knowledge of the expansion at large k and 
fixed -. Introducing x = —, and keeping it fixed, we obtain the following expansion for 
k > 1 

„2 • 2„,_ , o • 2 



SB m l / 2 i 7 \ i F cos 7o , l r l 2x sin 70 + 3sm 70 - 1 1 

n,l>^n,2 = k1 + V^ + 1)± / o , + - o COs2 70 ~ = = , (A.7) 

Vx 2 + 1 /c 2 2a/(x 2 + 1) 3 



s b ( 1 , / 2 I i \ i M cos 7o , !r 1 „ 2x 2 sin 2 7o + 3sin 2 7o - 1, 

Wn,3^n,4 = «(-1 + Vl 2 + 1)± 7 =+ - - - COS 2 7o -7= , 

Var + 1 « L 2 2a/(x 2 + 1) 3 

(A.8) 

= k V / ^+1 , a = 5,6,7,8. (A.9) 

Summing up all the 8 frequencies, we get 

t M g, = 8 K y^TT - i 2 ' 2 ^ si " 2 ;° + 3 ^ ^° - X » + ... . (A.10) 

Appendix B. Fermionic frequencies 

Fermi onic spectrum of physical fluctuations is determined (for k = 1) by zeros of the 
determinant (|3.20|) of the characteristic matrix. The dependence on k can be restored 



again by rescaling r — > r/k, v — > z//k, u r — ► uv/k. 
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B.l. Expansion at large r 

To check that the UV divergences coming from the bosonic sector (cf. ( |A.3| )) and cancelled 
by the fermions we need to know the large r expansion of the frequencies up to the order 
1/r. Among the 8 fermionic frequencies there are only 4 different corresponding to 4 
choices of the signs of the 2 square roots in the expression (r = ±i, ...) 



0J T 



2 i „:„2 



|r|±-\/l + ^ 2 + cos 2 7o±^v / ^ 2 + 2sin 2 7 + - + ^ 7 ° +..., \r\ > u . (B.l) 



Summing up these 8 frequencies, we get 



i=l 

Comparing this expression with the sum of the bosonic contributions (|A.3|), we find that 



indeed the 2-d UV cancel in the 1-loop correction to the energy ( p~2 
B.2. Expansion at large k and fixed r 

Even though we do not need the expansion of the fermionic frequencies at large k and fixed 
r to compute the one-loop correction to the vacuum energy, we present here this expansion 
for completeness ^ 

u^ 1 = — \r 2 - cos 2 70 1 , (B.3) 



^r,3 = K + ^; + cos 2 7o ± \J± n 2 cos 2 70 + sin 4 70^ , (B.4) 
^ 4 = 2 K +-^(l + r 2 -3sin 2 7o) . (B.5) 
B.3. Expansion at large k and fixed £ 

The one-loop computation requires knowledge of the expansion of the fermionic frequencies 
at large k and fixed t/k. Introducing x = t/k, and keeping it fixed, we obtain the following 
expansion 

f f / 2 |x| cos 70 1 x 2 sin 2 70 + 2sin 2 70 - 1 
UJ r -, , UJ r n = /tv x z + 1 ± . = , (B.D 

^ Vx^TT « 2y/(x 2 + l) 3 V ' 

(±1 + V ^TT ) + I(4 COS270 __^ T ). (B . 7) 

Summing up all the eight fermionic frequencies, we get 

V" F a / 2 1 1 1 2(2x 2 sin 2 7o +3sin 2 7o - 1) 

2^u r ,i = 8kVx 2 + 1- + ... . (B.8) 

V(x 2 + 1) 3 

Remarkably, this expression coincides with the sum of the bosonic frequencies ( |A.10| ) . 



u r,3' u tA — K 
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Appendix C. Approximation of an infinite sum by an integral 

Let us recall how sums of the form ( f4.2|) can be replaced by integrals. Assume that we 
are given a smooth function f(x) and its values at points Xi, i = 1, • • • , N; Xi+i — Xi = A. 
We are to find a function g(x) such that the following formula is valid 

£/(**) = X/ dxg(x)+0(A 5 ) = -J2 dx g(x) + 0(A 5 ) . (C.l) 

We see that g(x) should satisfy 

/(*<) = X dx 9{x) =g i + ^g> + ^g'( + ^g? ) + ^ (4) + 0(A 5 ) , 

where </j = g(xi), g[ = -^g(xi), g^ = ■4 L -^g(xi), and so on. It is not difficult to check 
that this formula will be fulfilled if we choose g(x) to be 

g (x) = -—fix - A) + -fix -—) + —fix) - —fix + —) + —fix + A) . (C.2) 

If we are interested in computing the sum in ( |U.1| ) only up to the order A 2 then a simpler 
formula can be used 

g(x) = \f{x - A) + jj/On) - ±/(x + A) . (C.3) 

Note that to use these expressions, the function f(x) has to be smooth in the interval 
[x ly x N \. 
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